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We present a physical implementation of a Maxwell demon which consists of a conventional 
single electron transistor (SET) capacitively coupled to another quantum dot detecting its state. 
Altogether, the system is described by stochastic thermodynamics. We identify the regime where 
the energetics of the SET is not affected by the detection, but where its coarse-grained entropy 
production is shown to contain a new contribution compared to the isolated SET. This additional 
contribution can be identified as the information flow generated by the "Maxwell demon" feedback 
in an idealized limit. 
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It has been more than a century that the thermody- 
namic implications of various types of "intelligent inter- 
ventions" (e.g. feedbacks) on the microscopic degrees 
of freedom of a system have intrigued scientists [1]. A 
Maxwell demon for example can be thought of as a hid- 
den idealized mechanism which is able to modify the sec- 
ond law of thermodynamics (entropy balance) but with- 
out modifying the first law (energy balance). Such a de- 
mon would thus be able to heat a hot reservoir while cool- 
ing down a cold reservoir without using any adchtional 
energy, which clearly breaks the traditional formulation 
of the second law of thermodynamics. 

Nowadays, our ability to manipulate small devices has 
drastically increased, and what used to be unrealistic 
thought experiments have become real experiments [2- 
4]. In parallel to that, significant progress in under- 
standing the nonequilibrium thermodynamics of small 
systems has been achieved [5-7]. This is particularly 
true for systems described by Markovian stochastic dy- 
namics where a consistent theoretical framework, called 
stochastic thermodynamics, has emerged and has been 
shown very useful to study fiuctuations and efficiencies 
of systems driven far from equilibrium [8-10]. Quite nat- 
urally, recent studies have started considering the ther- 
modynamic description of systems subjected to different 
types of feedbacks [11-24]. 

To understand the thermodynamic behaviour of feed- 
back controlled systems it is important to include the 
information generated or used by the feedback [22, 24]. 
Nevertheless, every feedback scheme has to be imple- 
mented physically and the natural question which arises 
- and which has not been answered yet - is under which 
circumstances this physical implementation appears as 
pure information entering the thermodynamic descrip- 
tion. This is the object of the present letter. 

Our model consists of two single level quantum dots 
interacting capacitively via a Coulomb repulsion U and 
additionally coupled to thermal reservoirs as depicted 
in Fig. 1. No electrons can be transfered between the 
dots. The corresponding system Hamiltonian is given by 




FIG. 1: (Color online) The shaded region constitutes the de- 
mon, the contained dot d couples capacitively to the lower 
dot s via Coulomb repulsion U. The latter is placed in a con- 
ventional SET-setup, which can be accessed experimentally, 
whereas the demon remains hidden. The trajectory (with ini- 
tial state p = 1 and a = E) marked by the steps 1 — 4, where 
an electron is transfered against the bias through the SET, 
becomes likely in the Maxwell demon limit. 



tors annihililating electrons on the system dot (cs) and 
the detecting dot (cd). The dots are weakly coupled to 
ideal reservoirs v £ {D,L,R} at temperature T,^ = l/Pu 
(ks = 1) and chemical potential ^i,. As shown in Fig. 1, 
dot s is coupled to the two reservoirs L and R and consti- 
tutes a usual SET, while dot d is coupled to reservoir D. 
One can show that dot d with reservoir D can be tuned 
to "detect" the state of the SET [25] and will eventu- 
ally constitute the Maxwell demon. We denote the four 
eigenvectors of the two coupled dots by [per) = \p)d'E)\o')s 
where p S {0, 1} and a € {E, F} denote the states of the 
dot d and s, respectively, which are either empty (0 or E) 
or filled (1 or F). For weak dot-reservoir interaction, the 
time evolution of the coupled dots density matrix p can 
be shown to be governed by a Markovian master equa- 



H = tdc\cd + Cscjcs -|- Uc\cdc\cs with fcrmionic opera- tion ^p = VVp, which simply yields a rate equation for 
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the probabilities ppo- to be in the eigenstate \pct). In the 
ordered basis {poeiPie,PoFiPif) the rate matrix reads 
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denote the dynamics of the dot d when dot s is empty or 
filled respectively, while the blocks 



Wee =Diag(7i + 7/?,, + 7^) 
Wee =Diag(7L + 7i?, 7^ + 7^) 



(4) 
(5) 



denote the transitions between an empty and filled dot s 
which can occur when dot d is either empty or filled. The 
rates are given by = V^j^, 7^ = F^/^, % = V^{\ - 
fy) and 7^^ = V^{\ — j]^) with electronic tunneling rates 
> and r[f > and Fermi functions < /y, < 1 
with V G {D, L, R}. Note that F^' requires to go be- 
yond the common wide-band approximation. The Fermi 
functions arc evaluated at the respective transition ener- 
gies of the SET dot /l/r = l/[c^v{l3L/R{es - tJ.L/R)) + ^], 
fL/R = l/[exp(/3L/_R(es + C/-ML/fl)) + l] and the detector 
dot fo = l/[exp(/3z5(ed-/iD)) + l], = l/[exp(/3D(ed + 
[/ — ^_d)) -I- 1], respectively. 

This system is consistently described by stochastic 
thermodynamics. At steady state the entropy produc- 
tion of the full system reads 
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and can be rewritten after some algebra as the sum of 
force-flux terms associated to matter and energy trans- 
fers, such that e.g. for (3^ = Pr= P we obtain 



5, = PitlL - ilR)Is + [Pd - P)Ie > 0, 



(7) 



where Is = JlPoe - JlPoe + IlP^e ~ IlPif is the sta- 
tionary electronic particle current flowing from reservoir 
L to R through the SET and Ie = U{jdPoe — IdPie) is 
the energy current entering the reservoir D due to the in- 
teraction between dot d and the SET. The matter current 
associated to the detector bath D vanishes since there is 
no particle exchange between dot d and dot s. 

Using usual techniques [6, 26], it is possible to show 
that the following fluctuation theorem for the entropy 
production is satisfied: 



lim 



(8) 



where Pns.noii) denotes the probability of having ns 
electrons traversing the system from left to right together 
with net tie electrons entering dot d at energy ed and 
leaving it at energy -I- U, altogether leading to a net 
energy transfer of Uno into reservoir D after time t. So 
far, our system is thus only a conventional thermoelectric 
device in which the thermal gradient may be used to gen- 
erate an electronic current through the SET against the 
bias. Related models have been considered in [25, 27-30]. 

We now assume that our experimental setup allows us 
to detect electron transfers in the SET (e.g. counting 
statistics experiments) but does not provide any infor- 
mation about the existence of the demon (i.e. dot d and 
reservoir D). The observed SET states a £ {E,F} thus 
constitute two coarse-grained "mesostates" with proba- 
bilities Per = Poa+Picr, scc Fig. 2. Morcovcr, we denote by 
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FIG. 2: (Color online) Visualization of the dynamics in 
the full (black arrows) and coarse-grained (red arrows) state 
space. The four states are denoted by black squares with 
their size being proportional to the occupation probability 
near the sought-after limit. The two mesostates of the SET 
{E or F) are composed by the shaded regions. They each 
contain two possible states of the detector dot d which are 
connected by fast transitions. The red labels denote transi- 
tion rates between the two SET mesostates in the error free 
limit ifo 1, fE and To/rL/H ^ oo). 

IPp|(T = Ppa/Pa the conditional stationary probability to 
find dot d in state p if the state of the SET is a. Each of 
these probabilities can be explicitly calculated from the 
analytical steady-state solution of Eq. (1). It is straight- 
forward to see that the exact coarse-grained dynamics of 
the SET may formally be written as 
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(9) 



v^"} = y y , w^"^ 



with "rates" V^^. - y^^, - ^^p, -p^.pV'-P' 

Fast demon: Since we want dot d and reservoir D to 
ultimately constitute a Maxwell demon, we are now going 
to assume that the dynamics of the demon is much faster 
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than the SET dynamics = > max{r^^\ T^^^}. 
As expected, in the extreme case Fj^/ maxjr^'^^^} — >■ oo, 
the conditional probabihties equihbrate instantaneously 
with respect to the reservoir D 
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such that Eq. (9) becomes an ordinary rate equation. 
For finite demon temperatures, there will thus always 
be some finite detection "error" , which we quantify by 
es = Po|f/IPi|f and ep = Pi|f/]Po|f- For instance, when 
<^d = fJ-D — U/2, these errors will be given by e^; = cf = 
eM-PDU/2). 

The entropy production corresponding to this coarse- 
grained SET dynamics is 



a' a 



(11) 



with an effective affinity 



A*s = In 



(7d7l + 7K7l ) ^DlR + 7D7K) 



(12) 



The coarse-grained entropy production can be shown 
to always under-evaluate the full entropy production: 
AS'i = Si — 5* > [31]. Furthermore, it implies an effec- 
tive fluctuation theorem for the particle counting statis- 
tics of the SET (e.g. see [30]) 



(13) 



where (t) is the probability of having ns electrons 
transferred from left to right after time t. This demon- 
strates that the coarse-grained entropy production (11) is 
a meaningful and measurable quantity in the fast-demon 
limit. Subtracting the entropy production of an isolated 
SET from the coarse-grained entropy production yields 
an additional term 
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which in ignorance of the physical nature of the demon 
must be interpreted as an information current between 
demon and system. 

Fast and Precise demon: Since the demon also needs to 
be able to reliably discriminate between the two states of 
the SET, we put Cd = M-D ~ U/2 and further assume that 
/3_dC/ ^ 1, which implies JdtId ~^ a'^d Jd,1^ — > F/j. 
Then, the two dots become perfectly correlated and the 
steady state reads pis = (7l +7ii)/(7L +7i? + 7^ +7^), 



Pop = 1 —piE, PoE = PiF = 0. The effective affinity (12) 
can in this limit be written as 
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which implies for the information current 
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This contribution results from the interaction with dot d 
which we have traced out. We note however, that this 
demon is effectively extracting energy from the SET at a 
rate 
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and is thus creating an imbalance between the energy 
currents at the left and right interface of the SET. It is 
therefore not yet a true Maxwell demon. In fact, the 
right hand side equals U /2 times the activity current in 
the SET which measures the total number of electron 
jumps in and out of the SET. This is due to the fact that 
each change in the mesostates {E <-> F) instantaneously 
induces a jump in dot d (1 -f-?- 0) and in the error-free limit 
no other contribution arises. Finally, we note that due to 
the finite energy current Ip , the entropy flow between dot 
d and its reservoir, si^^ = —PdIe must diverge as /Sjj 
cxj, which also holds for the total entropy production Si ~ 

Maxwell demon: In order to obtain a true Maxwell de- 
mon, we further need to assume that the temperatures 
of the left and right reservoirs are sufficiently large com- 
pared to the capacitive interaction U such that (311 — 0. 
In this limit, the energetics of the SET is not affected 
anymore by the demon since the Fermi functions evalu- 
ated at the different energies become equal: 



(18) 



A naive experimenter assuming tight coupling between 
energy and particle SET currents would therefore con- 
clude conservation of energy flowing into the system from 
left and right terminals. In contrast, a suspicious exper- 
imenter with the ability to monitor both SET energy 
currents would still observe that energy currents into left 



and right reservoirs are not conserved / 
to order [/, cf. Eq. (17). In comparison to the SET en- 
ergy current at e.g. the right lead, this is a correction of 
order U/ts, which can be made arbitrarily small nearly 
everywhere. 

The bare rates F^ could and - to obtain any nontrivial 
effect - should however depend on the energy levels of the 
dots. As a result, the information current (16) becomes 



{5l - 5r)Is 



(19) 
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where we introduced the feedback parameters 5,, = 
ln[r^/r,y] with J/ £ {L,R}. Remarkably, the coarse- 
grained rate matrix (9) describing the effective SET dy- 
namics now satisfies the modified local detailed balance 
condition 

In ^ = -Ai.) + '5. , >^e{L,R}. (20) 

^EF 

This result is in perfect agreement with the modified lo- 
cal detailed balance condition introduced in [24] to de- 
scribe Maxwell demon feedbacks within the framework of 
stochastic thermodynamics. Alternatively, such a modi- 
fication of local detailed balance may be generated using 
a fast feedback control loop [32]. Now, when Sl 
and/or Sr ^ 0, a, trajectory as shown in Fig. 1 be- 
comes highly probable. Naturally, even without the strict 




bias voltage (3V 



FIG. 3: (Color online) The coarse-grained entropy produc- 
tion S* as a function of the SET bias jSV in the fast demon 
limit (solid brown curves) differs from the unperturbed SET 
case (dashed magenta) in non-equilibrium and moves towards 
the ideal Maxwell demon limit (dashed green) as the temper- 
ature of the detector bath (and correspondingly the error of 
the demon) is lowered {Pd = 1/3, 200/3, 800/3 with increasing 
thickness, solid arrow). The total entropy production always 
exceeds the coarse-grained one for similar parameters (e.g. 
dash-dotted blue vs. bold-solid brown for /3d = 800). Dot- 
ted blue curves demonstrate the rapid convergence of the full 
entropy production to the fast demon limit when Fd S> F 
(dotted arrow). The SET (solid) and demon (dotted) energy 
current in the inset (for F_d = lOOF and /3d ~ 800/3) demon- 
strate that the relative modification of the SET's first law is of 
order U/es, which can be made arbitrarily small in compari- 
son to the SET energy currents nearly everywhere. Other pa- 
rameters were chosen as Fl = F^ = e+*F, F^ = F^ = e"*F 
with 5 ^\n2, Pl = Pr = /3, fiL = es + V/2, = - V/2, 
Pes = 1, PU ^ 0.01. 

mathematical limits that we discussed, we demonstrate 
in Fig. 3 that the coarse-grained entropy production S* 
approaches the ideal Maxwell demon from [24] in Fig. 3. 
Furthermore, the inset demonstrates that for eg ^ U, 



the modification of the first law for an isolated SET 
+ -/e ss is negligible. 

Finally, wc note that using the coarse-grained entropy 
production (11), a negative information current can be 
used to define various efficiencies (e.g. using information 
to transport electrons against the bias or to cool a cold 
reservoir). In contrast, the efficiencies of the thermoelec- 
tric device as a whole may be drastically different, as fol- 
lows from the divergence of the total entropy production 
in the fast and precise demon limit. 

Conclusion To the best of our knowledge, this letter es- 
tablishes for the first time the precise connection between 
the complete thermodynamic description of a Maxwell 
demon model and the system it is acting on. In partic- 
ular, we have identified the effective level of description 
of the system where the demon manifests itself solely 
through an information fiow modifying the second law. 
Furthermore, by showing that the effective entropy pro- 
duction is only a piece of the total entropy production 
of the joined system, we provide a rigorous support for 
the generic claim that a system subjected to a "Maxwell 
demon" is an idealization which neglects the dissipation 
associated to the implementation of the demon mecha- 
nism. 
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